We calculate the charged hypermultiplet low-energy effective action in the Coulomb branch of the 4D, N = 2 gauge theory, by using the harmonic superspace approach. We find that the unique leading contribution is given by the harmonic-analytic Lagrangian of the fourth order in the hypermultiplet superfields, with the induced coupling constant being proportional to central charges of N = 2 SUSY algebra. The central charges are identified with Cartan generators of the internal symmetry, and they give BPS masses to the hypermultiplets. The induced hyper-Kähler metrics appear to be the Taub-NUT metric or its higher-dimensional generalizations. Simultaneously, non-trivial scalar potentials are produced. Within the harmonic superspace method, we show an equivalence between the two known approaches to the 4D central charges. In the first one, the central charges are obtained via the Scherk-Schwarz dimensional reduction from six dimensions, whereas in the second one they are generated by a covariantly-constant background gauge superfield. The more general situation, when N = 2 SUSY is spontaneously broken by Fayet-Iliopoulos (FI) terms, is also considered. We argue that the induced Taub-NUT selfcoupling is stable against adding the FI terms. Possible non-perturbative generalizations of the induced hypermultiplet self-interactions are discussed.
Introduction
The N = 2 supersymmetric gauge theories in four dimensions (4D) are known to possess quite remarkable duality and holomorphy properties [1] . It is therefore of high importance to understand in full the structure of quantum effective action of these theories, both in the pure N = 2 super-Yang-Mills (SYM) and the matter hypermultiplets sectors. In order to manifestly preserve all the basic symmetries including N = 2 supersymmetry (SUSY) or, at least, be able to fully control their breaking, it is natural to use the harmonic superspace (HSS) formalism [2, 3] . The HSS approach is the only known one that provides a manifestly N = 2 supersymmetric off-shell description of both N = 2 gauge multiplets and hypermultiplets.
The HSS effective action of N = 2 SYM theory in the sector of gauge fields was a subject of study in recent papers [4, 5] . The harmonic approach makes it evident that the holomorphic contributions to the one-loop effective action (in the Coulomb branch) entirely appear due to the non-vanishing central charges in N = 2 SUSY algebra. The central charges are chosen in the form of linear combinations of the gauge group Cartan generators, in accordance with the celebrated Scherk-Schwarz mechanism [6] , and they produce masses for matter hypermultiplets. In the context of HSS, such mechanism of generating hypermultiplet masses and non-trivial scalar potentials was first considered in ref. [2] . The N = 2 central charges can be equivalently treated as a non-trivial constant N = 2 SYM background, and this interpretation can also be made transparent within the HSS approach.
It was suggested in ref. [8] that the same central charges also play an important role in the charged matter hypermultiplet sector of the N = 2 HSS effective action (in the Coulomb branch), giving rise to non-trivial quantum corrections to the free hypermultiplet action and, hence, the non-trivial induced hyper-Kähler metrics in the physical bosonic sector 3 . The basic goal of the present paper is to give a correct proof of that proposal, by using quantum HSS computations with the massive q-hypermultiplet propagator, the mass being induced by the U(1) central charges. We compute the one-loop effective action for hypermultiplets, and show that the only correction is of the fourth-order in the hypermultiplet superfields, with the induced coupling constant proportional to the BPS mass parameter. In the case of one hypermultiplet we get the familiar Taub-NUT metric [11] , while for a few hypermultiplets we find its obvious higher-dimensional generalizations. All the effective self-couplings and the corresponding metrics have the SU(2) × U(1) isometry, with the SU(2) factor being the SU(2) A automorphism group of the N = 2 SUSY algebra, and the U(1) factor proportional to the central charge. The quartic hypermultiplet self-interaction is the only one that respects the SU(2) A × U(1) global symmetry (in the case of several matter hypermultiplets, more U(1) factors can be present). Since this symmetry is non-anomalous, it protects the quartic form of the analytic correction to any order of perturbation theory. We also discuss a possibility to gain some other non-trivial HSS hypermultiplet actions, e.g. the Eguchi-Hanson action [12] , by using some non-perturbative solutions (torons) to the N = 2 SYM theory.
Our another purpose is to summarize different approaches to the central charges in the HSS formalism and establish their equivalence.
In sects. 2 and 3 we give an account of the basic elements of the quantum theory of N = 2 SYM and hypermultiplet harmonic superfields in the presence of central charges, and discuss the background interpretation of the central charges. As an introduction, we remind the reader some results of ref. [13] , where the general HSS construction of N = 2 supersymmetric 4D gauge theories with a complex central charge (including massive propagators for hypermultiplets) was given by using a dimensional reduction (DR) from six dimensions. It can be considered as the superspace version of the standard DR method that was proposed within the component approach to supersymmetric gauge theories [6, 14, 15] . In this method the Cartan generators of spontaneously broken gauge symmetry are identified with extra components of the six-dimensional momentum operator, which become the central charges of N = 2 SUSY algebra in four dimensions. We also discuss another, basically equivalent interpretation of the U(1) central charges when they are induced by a non-trivial covariantly-constant N = 2 SYM background. This background triggers spontaneous breaking of the gauge symmetry down to its Cartan subalgebra, and thus produces masses for the matter hypermultiplets and (via Higgs phenomenon) for the coset gauge superfields as well. It is sometimes advantageous to use that point of view, since it gives us an opportunity to construct the massive hypermultiplet propagators as the manifestly analytic Green functions of massless hypermultiplets minimally coupled to a special ('frozen') external N = 2 SYM gauge superfield.
In sect. 4, by using the correct massive hypermultiplet propagator, we calculate the oneloop contribution to the hypermultiplet effective action in an N = 2 supersymmetric gauge theory with spontaneously broken gauge symmetry. A crucial feature of our calculation is the preservation of manifest N = 2 SUSY with central charges at each step. The unique correction is of the fourth-order in q-hypermultiplets and, according to ref. [11] , it corresponds to the Taub-NUT hyper-Kähler metric (for a single q -hypermultiplet) or its higher-dimensional generalizations (for a few q-hypermultiplets). Our approach therefore provides the dynamical quantum mechanism of generating the non-vanishing Taub-NUT effective coupling constant. Since the effective Taub-NUT coupling vanishes in the zero-mass limit, it is a presence of the non-vanishing U(1) central charges in the theory that allows one to get a non-trivial analytic correction. Apart from generating the Taub-NUT metric, it is yet another important effect of the central charges that they induce a non-trivial scalar potential for the hypermultiplets.
In sect. 5 we consider the coupled system of an N = 2 vector multiplet and a hypermultiplet, with the additional Fayet-Iliopoulos (FI) term generating a spontaneous breakdown of N = 2 supersymmetry. This model can be treated along the lines of the preceding sections, if one chooses the background with a constant scalar field and some constant auxiliary components. We calculate the hypermultiplet Green function in this background, and argue that the induced (Taub-NUT) terms in the hypermultiplet effective action are not influenced by adding the FI term.
Finally, in sect. 6 we propose possible generalizations of the hypermultiplet self-couplings that could be generated non-perturbatively.
Our basic notation is the same as in refs. [2, 3] , so that we invite the reader to consult that references for an introduction to the HSS. In particular, we use the following definition for the product of four u + projections of spinor covariant derivatives: 1) and similarly for the products of Grassmann superspace coordinates:
Dimensional reduction, central charges and massive
q-hypermultiplet propagators
In this section we show how the self-consistent HSS formulation of N = 2 SYM theory in four dimensions (SY M theory is given in ref. [13] . The harmonic superspace description of the SY M Given the gauge group G c ('color'), let (H 1 c , . . . , H r c ) be the hermitian matrix generators of its Cartan subgroup C c = exp H c . Let us also assume that the hypermultiplet sector of the theory has the additional global symmetry group G f ('flavor'), with (H 1 f , . . . , H p f ) being the hermitian matrix generators of its Cartan subgroup C f = exp H f . Without entering into details, we simply state that the basic objects of the SY M 1 6 theory appear to be an analytic gauge superfield V ++ (6) (ζ (6) ), that takes values in the adjoint representation of G c and is inert under the action of G f , and analytic massless hypermultiplets q + (6) (ζ (6) ) transforming in a representation of G c ×G f . The 6D, N = 1 HSS is a direct product of the ordinary 6D, N = 1 superspace (x m , θ i a ) (m = 1, ...6; i = 1, 2; a = α,α) and the internal harmonic two-sphere S 2 ∼ SU(2)/U(1) parametrized by the harmonic coordinates u , beyond its Grassmann and harmonic coordinates which are common with the 4D, N = 2 HSS. Similarly to their 4D, N = 2 counterparts, the SY M 1 6 harmonic superfields can be equally considered either in the central coordinates of 6D, N = 1 HSS or in the analytic coordinates where the analyticity of V ++ (6) and q + (6) is manifest. In what follows, we find convenient to combine the extra coordinates x 5 and x 6 (as well as
A ) into the complex conjugated ones z andz (z A andz A ). The relation between the extra coordinates in the central and analytic basises of N = 1, 6D HSS then reads
Their infinitesimal supersymmetry transformations are given by
and
It is worth noticing that z A andz A are conjugated in the sense of the generalized involution of ref. [2] . In what follows, we mean by complex conjugation just that. For a later use, we also quote here the structure relations of 6D,
where a = α,α , and
as well as the corresponding flat spinor derivatives 5) where the usual 4D spinor derivatives have been introduced,
The dimensional reduction to four dimensions in the HSS framework, a lá Scherk and Schwarz, assumes a special factorizable dependence of all superfields upon the extra spacetime coordinates, by identifying the translation operators along these coordinates with linear combinations of the Cartan generators in the full symmetry group G c × G f . It can be done in the two equivalent ways, either in the central basis of the 6D, N = 1 HSS or in the analytic one.
In the first approach, one factorizes the extra-coordinate dependence in all superfields by the use of the universal operator A(z,z), 6) where Z ∈ H c ⊕ H f is, by definition, the central-charge operator of the dimensionally reduced theory,
whereas the complex moduli (a n , µ l ) define the classical vacuum of the theory. The operator Z(µ) does not act on the gauge superfields,
The operator Z(a) describes a distribution of central charges inside the irreducible multiplets of the gauge group G c . On the top of that the operator Z(µ) gives additional contributions to the central charge eigenvalues, by acting on the whole matter multiplets. From now on, we mostly deal with the 4D formalism. Accordingly, we use the standard notation and conventions of refs. [2, 3] for the coordinates of the analytic 4D, N = 2 superspace,
In the full 4D, N = 2 HSS one can use either the analytic basis (ζ, θ
) on equal footing. The dimensional reduction via the operator A(z,z) defined above is universal for both V ++ (6) and q + (6) [13] , V
We now observe that the exact 6D, N = 1 analyticity of V ++ (6) and q
amounts to a covariant 4D, N = 2 analyticity for the dimensionally reduced 4D harmonic superfields (denoted by hats),
where we have introduced the notation
11)
In the analytic basis of 4D, N = 2 HSS, the spinor covariant derivatives D + andD + are just the partial derivatives
Then the conditions (2.10) express all the terms in the θ − expansion of the superfieldsV ++ and q + via their zeroth-order, exactly-analytic terms. The spinor derivativesD 
Applying the operator A(z,z) to the 6D, N = 1 SUSY generators Q i a satisfying the algebra (2.4) yields the new SUSY generators that obey the standard 4D, N = 2 SUSY algebra extended by central charges,
Explicitly, these generators arê 17) where the first terms on the r.h.s. are the ordinary 4D, N = 2 SUSY generators without central charges. We observe that the N = 2 SUSY transformations of an N = 2 superfield Φ, 18) get modified so that the supertranslations are now accompanied by the C c × C f rotations with the generatorsZ and Z and the group parameters −δz and δz, respectively, the latter quantities being defined in eq. (2.2). Summarizing all the above, we conclude that the role of the similarity transformation with the operator A(z,z) consists in replacing altogether the translation operators with respect to the coordinates (z,z) by the central charges (Z, Z) that belong to the Cartan subgroup of the full symmetry group G c × G f . The coordinates (z,z) appear neither in the 6D, N = 1 SUSY generators nor in the covariant derivatives explicitly, whereas the derivatives with respect to these coordinates are only present. It is also worth mentioning that eq. (2.9), from the 4D standpoint, is a particular transformation from the global symmetry group. Having that in mind, the dimensional reduction procedure just described guarantees that all the G c × G f invariant (or, at least, (Z,Z)-neutral) objects to be composed out of the 6D, N = 1 analytic superfields and the spinor or harmonic derivatives acting on them (e.g, the invariant Lagrangians) become the (z,z) independent 4D, N = 2 HSS quantities. Moreover, any 6D, N = 1 analytic object of this kind (e.g., the q + hypermultiplet Lagrangian) goes over into a 4D, N = 2 manifestly analytic (i.e. containing no θ − dependence) quantity. Before explaining how the mass and the correct massive q + -hypermultiplet HSS propagator come out in this setting, let us first describe another, equivalent way of dimensional reduction from the 6D, N = 1 HSS to the centrally-extended 4D, N = 2 HSS. It is defined in the analytic basis of the 6D, N = 1 HSS and has the advantage of yielding manifestly analytic 4D, N = 2 superfields.
In this alternative version of the DR procedure, instead of the operator A(z,z) of eq. (2.6) one uses the modified operator
where
The modified DR relations (2.9) take the form
The 4D covariant derivatives and generators are obtained from their 6D counterparts by thẽ A(z A ,z A ) rotation according to the pattern of eq. (2.12). It is obvious that the N = 1 analyticity of the 6D superfields on the l.h.s. of eq. (2.21) implies manifest N = 2 analyticity of the 4D superfields on the r.h.s of eq. (2.21). Indeed, in the analytic basis, the 6D, N = 1 derivatives D + a are 'short', i.e. contain no differentiations with respect to the space-time coordinates. Therefore, they commute withÃ(z A ,z A ) (this statement is, of course, basis-independent). As a result, we have
On the contrary, the harmonic derivatives do not commute with theÃ(z A ,z A ), so that they acquire additional 'connection' terms when acting onṼ ++ and q + ,
where we have introduced the central charge 'connections'
Since the two DR operators, A(z,z) andÃ(z A ,z A ), are related via the 'bridge' e v (see eq. (2.19)), it is evident that the two ways of the reduction (6D, N = 1) → (4D, N = 2) are actually equivalent. The reduced covariantly analytic and manifestly analytic 4D, N = 2 superfields are related to each other via the bridge e v ,
The similar relation can be established between the differential operators in both settings, 26) where the hats refer to the covariantly analytic representation,D = {D ± α ,Dα ± , D ±± }, whereas the corresponding curved notation refers to the manifestly analytic representation, respectively,
Explicitly, the transition relations are
The realization of N = 2 SUSY in the manifestly analytic representation can be easily obtained from eqs. (2.2) and (2.16) by using the general formula (2.26). The corresponding generators in the analytic basis , Having established the equivalence of both DR procedures, we are now in a position to construct the superfield propagators forṼ ++ and q + in the case of N = 2 SUSY with central charges. We postpone the discussion ofṼ ++ until the next sect. 3 and concentrate here on the hypermultiplet case.
The free part of the analytic invariant Lagrangian for a 4D-hypermultiplet directly follows from the analogous Lagrangian in 6D, N = 1 HSS. In accordance with the two versions of the DR procedure, the former can be written down in the two equivalent forms, by using either covariantly analytic or manifestly analytic superfields,q
Note that the term with v ++ in eq. (2.30) breaks the global G c × G f symmetry down to the C c × C f symmetry (to be more exact, eq. (2.30) respects the symmetry under any subgroup of G c × G f commuting with Z,Z).
The free equations of motion are obtained by varying eq. (2.30) with respect to q + andq + , and they read as
By using the algebra of the centrally-extended covariant derivatives (e.g., in the covariantly analytic basis),
one can derive the identity
valid for any covariantly analytic superfieldF . Applying the identity (2.33) to the equation
, which is a simple consequence of eq. (2.31) in its second form, then yields
Eq. (2.34) clearly demonstrates that we are dealing with the massive q + hypermultiplet indeed. Because of the existence of the two forms of equations of motion for the q + -hypermultiplet in eq. (2.31), it is natural to introduce two representations for a hypermultiplet Green function, in the covariantly analytic frame and in the manifestly analytic one, respectively. The two representations turn out to be related via the bridges e v (see below). Let us derive the covariantly analytic Green function first. To write down the equation it satisfies, we introduce the covariantly analytic δ-function
where we have explicitly written down the representation indices of Z andZ, and denoted
The δ-function (2.35) has many features in common with the usual manifestly analytic δ-functions [2, 3] , namely,
Note that v T = v in a basis where all the Cartan generators are diagonal. In what follows we always assume that such basis is chosen. Remarkably, it is the flat spinor derivatives that appear in the last line of eq. (2.38). This fact is a consequence of the important relation
is the standard 4D, N = 2 HSS analytic δ-function [3] . We are therefore allowed to use the ordinary analytic measure when integrating over the analytic subspace with the covariantlyanalytic δ-function, viz.q
The covariantly-analytic Green function of the massive hypermultiplet is defined by the equation
and it reads
where we have suppressed the internal symmetry indices of q + andq + . In order to verify that the expression (2.42) satisfies eq. (2.41) indeed, one should apply the identity
and then make use of the identity (2.33) and the representation (2.37). In addition, it is easy to check the following important symmetry property:
The massive q + -hypermultiplet propagator was first obtained in ref. [13] in the covariantly analytic form given above. It can be used for quantum perturbative calculations in HSS, e.g., along the lines of the massless case considered at length in ref. [3] , after obvious modifications of the Feynman rules there. Sometimes, one finds it more convenient to use the manifestly analytic representation for the massive propagator. It can be obtained from the covariantly analytic one via the bridges e v and e −v , by using the general formulas (2.25) and (2.26):
or, more explicitly, 
Eq. (2.47) agrees with the manifestly analytic form of the equations of motion for the massive q + hypermultiplet in eq. (2.31), and it completes the proof.
3
The background interpretation of central charges
Our method of introducing central charges for hypermultiplets in HSS does not use the local gauge symmetry. The only relevant property for the dimensional reduction is the invariance of the action under the global group G c × G f or even under its Cartan subgroup C c × C f . Given this invariance, the central charges can be introduced 'by hand', directly in the 4D setting, without any reference to the DR procedure.
On the other hand, within the standard formalism of SY M 2 4 theory there exists a natural dynamical mechanism of spontaneous generation of the U(1) central charges. They emerge as a result of the appearance of non-zero vacuum expectation value of the gauge superfield V ++ . This interpretation is actually suggested by the HSS formulation of N = 2 gauge theories [2] , and it is discussed in the recent preprints [4, 16] .
Let us start from the full q + hypermultiplet action enjoying invariance under both the gauge group G c and the global group G f , 1) and assume that by some dynamical reason (e.g., as a result of non-perturbative effects), V ++ develops a non-zero vacuum expectation value just of the form (2.24) and (2.7) ,
where only the moduli a n associated with the Cartan subgroup C c are assumed to contribute. One could, of course, reproduce the full form (2.7) of (Z,Z) by promoting the global G f symmetry to the local one. However, without loss of generality, we accept here that the gauge group is G c and, hence, it is the a n parts that are only present in Z,Z. The moduli a n then get the meaning of the vacuum expectation values for the physical scalar field components of the N = 2 gauge multiplets associated with the Cartan generators of G c . We still reserve the right to add 'by hand' the µ l parts associated with the 'flavor' Cartan subgroup C f . The non-vanishing background value v ++ of V ++ is a particular solution of the superfield equations of motion of the N = 2 gauge theory (we assume that all q + have vanishing vacuum expectation values) ,
where v −− is given by eq. (2.24) and can be viewed as the background gauge connection for the harmonic derivative D −− . The corresponding background N = 2 chiral superfield strength w amounts to a constant scalar component, while all its fermionic, U(1)-gauge and auxiliary components vanish,
Accordingly, all the covariant derivatives of w vanish too, so that the associated background is covariantly-constant. In a generic case the background v −− spontaneously breaks G c down to its Cartan subgroup 4 , and simultaneously generates U(1) central charges in N = 2 superalgebra by the reasons obvious from the previous sect. 2. Indeed, the separation of v ++ in the q + Lagrangian (3.1) according to (3.2) redefines the free part of this Lagrangian, thus making it to coincide with eq. (2.30). The invariance group of the latter is just the (Z,Z)-extended N = 2 SUSY. The full algebra of the (Z,Z)-extended covariant derivatives is naturally recovered as the algebra of the N = 2 gauge-covariantized derivatives in the above special background. From this point of view, the covariantly analytic and manifestly analytic frames introduced in the previous section are nothing but, respectively, the τ and λ frames of the HSS N = 2 gauge theory (in the terminology of ref. [2] ) adapted to the background v ±± . It is worthy to notice that the (Z,Z)-extended N = 2 SUSY can now be interpreted as the invariance group of the above background: the modified supercharges naturally appear as the corresponding Killing spinors. Indeed, the standard N = 2 generators Q i α ,Qα i have a non-vanishing action on the background solution v ++ , 5) but this variation can be compensated by the appropriate analytic gauge transformation
thus leaving v ++ intact. The N = 2 supersymmetry transformations of all superfields having non-zero quantum numbers with respect to (Z,Z) should then be accompanied by this compensating gauge transformation, e.g.,
It is a simple exercise to check that the modified N = 2 SUSY generators are just those of the Z,Z extended N = 2 SUSY in the manifestly analytic frame,
It also immediately follows from eqs. (3.5) and (3.6) that the N = 2 SUSY is not modified on the Cartan C c part of the shifted gauge superfieldṼ ++ . On the other hand, the non-diagonal part ofṼ ++ belonging to the coset G c /C c realizes the modified N = 2 SUSY, as this part possesses non-zero quantum numbers with respect to Z(a),Z(a).
The (Z,Z), N = 2 supersymmetric modified free part of the full q + , V ++ Lagrangian (3.1),
respects invariance only under the unbroken global subgroup C c of the full gauge group G c . Nevertheless, the full local G c invariance is restored in the full action due to the property that the G c transformation law of the shifted superfieldṼ ++ contains an inhomogeneous piece under the action of the spontaneously broken G c /C c generators. The presence of this piece reflects the fact that one of the two G c algebra-valued real physical scalar fields in the G c /C c component of V ++ is the corresponding Goldstone field which should transform inhomogeneously under the broken generators.
Note that the (Z,Z)-extended N = 2 SUSY generators Q do not, in general, commute with the spontaneously broken generators of G c . However, it is easy to check that the new generators appearing in the commutators merely produce some analytic x-independent (though u-and θ-dependent) G c gauge transformations which leave the whole action invariant. Therefore, we are allowed to say that N = 2 SUSY with the (Z,Z) central charges commutes with G c modulo analytic gauge G c transformations.
The modified free q + action, as was already mentioned in sect. 2, corresponds to the massive q + -hypermultiplet, with the BPS mass operator ZZ according to eq. (2.34). As is clear from the above consideration, this massive hypermultiplet action can be equally treated as the action of the massless q + in the covariantly-constant background given by v ++ . Accordingly, the massive Green function G 9) and satisfies the equation
TheṼ ++ propagator is almost of the same form as that without central charges [3] . In particular, the bilinear term in the classical SY M 2 4 action forṼ ++ contains the projection operator
that satisfies the equation
The Green function ofṼ ++ in the N = 2 Feynman gauge is given by
where Z(a) is the central charge operator in the adjoint representation of G c . Hence, it is the propagators for the non-diagonal ('charged') G c components of the fullṼ ++ superfield that are actually modified. In the quantum calculations to be given in the next sect. 4, we will only deal with the diagonal (Cartan) components ofṼ ++ . Their propagators have no mass parameters. We end this section with two comments. It follows from the general theory of non-linear realizations [17] that in any theory with the spontaneously broken gauge symmetry a non-linear redefinition of the field variables exists, after which the broken, coset part of the gauge transformations appears to be completely hidden and compensated. In the unitary gauge (by putting the Goldstone fields to be equal to zero) the only manifest symmetry of the theory turns out to be the symmetry with respect to the vacuum stability subgroup, and the only genuine massless gauge fields are those associated with this subgroup. The coset gauge fields become massive (Higgs effect), and they are to be considered on equal footing with the matter fields. Being applied to our case of the (q + , V ++ ) system with the gauge G c symmetry spontaneously broken down to the C c symmetry, this general argument implies that, by a field redefinition, one can split the original (q + ,Ṽ ++ ) Lagrangian into two parts. The first part is the Lagrangian of the (q + ,Ṽ ++ C ) system, where the abelian massless gauge superfieldṼ ++ C takes values in the Cartan subalgebra and is minimally coupled to q + . The hypermultiplet piece of that Lagrangian is
14)
The rest of the full Lagrangian contains non-minimal couplings among q + and the redefined G c /C c coset parts of the original superfieldṼ ++ , which are massive owing to the superfield Higgs effect. This picture is just the HSS interpretation of the Coulomb branch in the SY M 2 4 theory. Leaving aside the issue of an explicit construction of the relevant redefinition of the superfields involved, in what follows we will assume that it exists, and it was already done. In our quantum calculations we will deal with the abelian superfieldsṼ ++ C and the (q + , V ++ ) Lagrangian in the form (3.14). Contributions of the massive modes of the original gauge superfield can be ignored in the perturbative effects we are interested in.
Our last remark is that the vacuum background v ++ , besides breaking the gauge G c symmetry and generating the (Z,Z) central charges in the N = 2 SUSY algebra, also gives rise to the spontaneous breakdown of another important symmetry. It is the global symmetry associated with the U(1) factor of the automorphism U(2) symmetry of the original N = 2 SUSY algebra. It is realized as phase rotations of the physical complex scalar field in V ++ . It clearly acquires the Goldstone-type realization after separating v ++ as in eq. (3.2), with one of the scalar fields of the CartanṼ ++ C as the relevant Goldstone field. Note that the low-energy holomorphic Seiberg's correction to the SY M 2 4 action was originally obtained by integrating the quantum anomaly associated with just this U(1) factor [7] . The presence of the same non-zero v ++ in V ++ was crucial in a recent derivation of the Seiberg effective action by quantum HSS computations [4] . It will be shown in the next sect. 4, that v ++ = 0 is equally responsible for the non-trivial induced self-couplings of the hypermultiplets. It is remarkable that this simple mechanism yields so many non-trivial group-theoretical and quantum effects !
4
A harmonic-supergraph calculation of the massive hypermultiplet low-energy effective action
A few basic examples of harmonic supergraphs with the massless gauge and hypermultiplet superfields were considered in ref. [3] . In this section, we analyse the recent proposal made by one of us in ref. [8] that a massive hypermultiplet in a spontaneously broken (abelian) N = 2 supersymmetric gauge theory has a non-trivial effective self-interaction to be induced by quantum corrections in the one-loop perturbation theory.
Let us consider a single charged hypermultiplet q + for simplicity. We find convenient to use here a pseudo-real notation for the hypermultiplet, combining q + andq + into a doublet of the so-called Pauli-Gürsey SU(2) group, q where a is a complex moduli and τ 3 = diag(1, −1) is the third Pauli matrix (we could start from an arbitrary U(1) subgroup of SU(2) P G with an arbitrary constant traceless 2 × 2 matrix as the generator and then reduce it to eq. (4.1) by a proper SU(2) P G rotation). An abelian N = 2 vector superfieldṼ ++ also receives a τ 3 factor, (
a , so that the harmonic covariant derivative of the hypermultiplet superfield reads
where the central charge operator is represented by the background vector superfield v ++ (see sects. 2 and 3). We introduce the following book-keeping notation for various covariantly constant superfields to be relevant for our purposes:
The U(1) gauge harmonic superfieldṼ ++ is considered to be massless, whereas the hypermultiplet mass squared is equal to m 2 = aā = |a| 2 , which is just the BPS mass. The extra (Pauli-Gürsey) global SU(2) P G symmetry of the free hypermultiplet action, that rotates q + a with respect to its index a, is broken by the gauge interaction to an abelian subgroup U(1). Hence, the full internal symmetry of the N = 2 supersymmetric action we start with is given by a product of the global SU(2) A automorphism group and the local U(1) group.
We are going to use in this section the manifestly analytic propagator of the massive hypermultiplet q + for our calculations. According to the results of sect. 2, it reads
The relevant harmonic supergraph has an internal loop built out of two hypermultiplet propagators and twoṼ ++ propagators (in Feynman gauge the latter are given by eq. (3.13) without ZZ in the denominator), as well as four external hypermultiplet legs (Fig. 1) . Note that one of the advantages of our SU(2) notation is that we need a single supergraph; it accounts for the two inequivalent supergraphs in the q + ,q + notation. According to the general strategy of handling such supergraphs [3] , one should first restore the full Grassmann integration measures at the vertices. It can be done by taking the factors (D
4 off the hypermultiplet propagators. Then one integrates over two sets of Grassmann and harmonic coordinates by using the corresponding delta-functions in the integrand. There still remain (D + ) 4 factors in twoṼ ++ propagators. After integrating by parts with respect to one of these factors, the only non-zero contribution comes from the term in which both such factors hit one of the two remaining Grassmann δ functions. Then the integral over one more set of the remaining Grassmann coordinates can be done by the use of the important identity:
As a result, the single Grassmann integration over d 8 θ remains. The supergraph integral then takes the form
where we have introduced the notation F (p 1 , u 1 |p 2 , u 2 ) ≡ F (1|2) (the θ-dependence is implicit), with
According to the definition of the Wilsonian low-energy effective action (at energies ≪ Λ), we are supposed to integrate over all massive fields as well as over momenta squared ≥ Λ 2 for all the massless fields present in the fundamental (microscopic) Lagrangian, with the dynamically generated scale Λ, Λ < m lightest = 0, being an IR-cutoff simultaneously. In our case, we do not integrate over the massive gauge fields from the microscopic (non-abelian) Lagrangian. Instead, we simply drop them from the very beginning since they do not contribute to the low-energy effective hypermultiplet self-interaction [8] . Being only interested in calculating the leading contribution to the Wilsonian effective action, we are also allowed to omit in Γ 4 any terms that may only contribute to higher-order terms in the momentum expansion of the effective action.
In order to extract the relevant low-energy contribution out of eq. 
Then it is easy to argue that only the first term ∼ D ++ D −− in this identity gives the leading lowenergy contribution in the local limit. Integrating by parts in it, one can cancel the harmonic distribution 
The harmonic delta-function on the right-hand side of eq. (4.11) removes one of the two remaining harmonic integrals, and allows us to rewrite eq. (4.8) to the form
where we have ignored a dependence upon all the external momenta p i (the terms omitted do not contribute to the hypermultiplet low-energy effective action), and introduced the notation
The S 4 is gauge-invariant as it should, and it has the form of the full superspace integral, in formal agreement with the non-renormalization 'theorem' in superspace. However, the connection v −− in D −− at Z = 0 is quadratic in θ − because of eqs. (4.4) and (4.5). In turn, this results in a (θ − ) 4 -dependent term in the integrand of S 4 , and, therefore, an analytic contribution to the induced hypermultiplet effective action. In other words, it the non-vanishing central charge Z that is responsible for the appearance of the leading analytic term in the low-energy effective action, already at the one-loop level of quantum perturbation theory. The analytic part in S 4 is given by
The terms omitted, in particular those with (D −− ) 2 q + or D ++ q + , only contribute to higherorder terms in the momentum expansion of the effective action. Hence, the one-loop induced low-energy hypermultiplet self-interaction takes the form [8] 
The Lagrangian L
ind. int. is the analytic hyper-Kähler potential that describes the Taub-NUT metric [11] (see Appendix). The induced coupling constant λ appears to be
where we have used the BPS mass relation. The induced Taub-NUT effective coupling constant λ may be renormalized in higher orders of perturbation theory, unlike the form of the effective Taub-NUT self-interaction that cannot be changed, even non-perturbatively, within the N = 2 gauge theory under consideration. The reason for that is the non-anomalous global U(2) = SU(2) A ×U(1) symmetry of the fundamental action. This symmetry is exact in the full quantum theory. The only SU(2) A × U(1)-invariant hypermultiplet self-coupling is just the Taub-NUT action. The well-known U(2) = SU(2) × U(1) isometry of the Taub-NUT metric is just due to the global symmetries of the Taub-NUT hypermultiplet action. In this sense, our result is exact and universal.
Similarly, for a spontaneously broken N = 2 supersymmetric QCD (in the Coulomb branch) with vanishing bare hypermultiplet masses, one finds a non-trivial analytic hyper-Kähler potential in the form 
vanishes whenever a = −m i or a = −m j . Summarizing above, we conclude that quantum corrections in an N = 2 gauge theory with the spontaneously broken gauge symmetry produce the effective Taub-NUT-type interaction for the charged matter hypermultiplets, which preserves N = 2 supersymmetry, its SU(2) A automorphisms, and the local U(1) rotations. Note that, in the case of several matter hypermultiplets and, respectively, several independent Cartan generators, more non-anomalous U(1) factors can be present in the symmetry group of the induced hypermultiplet self-interaction and, hence, in the isometry group of the relevant hyper-Kähler metric.
As a simple application, consider the famous Seiberg-Witten model, whose initial (microscopic) action describes the purely gauge SY M 2 4 theory, with the SU(2) gauge group to be spontaneously broken to its U(1) subgroup [1] . In the non-perturbative region (the Coulomb branch) near a singularity in the quantum moduli space where a BPS-like (t'Hooft-Polyakov) monopole becomes massless, the Seiberg-Witten model is just the dual N = 2 supersymmetric QED,
and a → a D . The t'Hooft-Polyakov monopole is known [1] to belong to a hypermultiplet q + HP that represents the non-perturbative degrees of freedom in the theory. Our results imply that the induced HP-hypermultiplet self-interaction in the vicinity of the monopole singularity is regular, and it is given by Another interesting consequence of the induced Taub-NUT hypermultiplet self-interaction is a non-trivial dynamically generated scalar potential. In components, for a single hypermultiplet, it reads 
A background with spontaneous N = 2 SUSY breaking
In this section we consider the modifications coming from a presence of the Fayet-Iliopoulos (FI) terms which spontaneously break N = 2 SUSY. First, let us remind the reader that we consider the Coulomb branch of the N = 2 gauge theory, where all the gauge symmetries are hidden and compensated, except for the linear one associated with the abelian vacuum stability subgroup C c . Of course, the global flavor G f symmetry can survive too.
The HSS superfield form of the FI term is then given by
where ξ ++ ∈ H is the real operator 2) and the isovectors ξ n (ij) are some constants satisfying the reality condition ξ
(r) , and representing the additional moduli of the theory. We use also the notation ξ
The FI term does not spoil the renormalizability of the theory, but spontaneously breaks N = 2 supersymmetry down to the Poincaré symmetry. Note that in the case of a full non-abelian N = 2 gauge theory with unbroken G c symmetry such terms can be added only for some abelian factors of G c (i. e. the latter should not be semi-simple). Otherwise, they explicitly break the G c symmetry. It is just the specialty of the Coulomb branch under consideration, with the G c /C c symmetries being entirely compensated, that allows us to introduce the FI terms for the vacuum stability subgroup C c , neither affecting the hidden G c symmetry nor requiring the latter to be non-semi-simple. Of course, we have to assume the existence of a non-linear field redefinition that puts the non-abelian N = 2 gauge theory in a spontaneously broken phase into the Coulomb form, with the abelian superfieldṼ ++ C as the only genuine gauge superfield (see the end of sect. 3). In the original field variables, the FI term (5.1) can be highly non-linear. However, when staying in the Coulomb branch, we do not need to take care of the original form of the theory.
Adding the term (5.1) gives rise to the appearance of a new non-trivial background piece in the superfieldṼ ++ C (we assume that the part v ++ was already separated, being included into the free q hypermultiplet action). Indeed, the classical free equation of motion for the abelian potentialṼ
and it has a Lorentz-invariant background solution
By the additional shift of the potential, 5) we can diagonalize the kinetic terms of the abelian superfields in a presence of the F I-terms, so that the V ++ ξ -propagator takes the standard form [3] . The F I-induced background splitting of the analytic potential results in a spontaneous N = 2 supersymmetry breaking since the new abelian superfield V ++ ξ has an inhomogeneous N = 2 supersymmetry transformation and contains Goldstone fermion components 5 . The background 'bridge' corresponding to s ++ is exp(s), where
As far as the contribution to the harmonic connection is concerned, we find
In the analytic basis the spinor derivatives D + a are short whereas the harmonic and remaining spinor derivatives are given by
The basic relation of the modified background geometry reads as usual,
The corresponding chiral background operator (background superfield strength) explicitly depends upon the Grassmann superspace coordinates and the vacuum expectation values of the scalar and auxiliary fields as follows:
The second part of the operator Z ξ corresponds to a special θ-dependent gauge transformation. It is obviously non-vanishing on any superfield with non-trivial transformation properties under the group C c . The new background geometry has no Killing operators that (anti)commute with the background derivatives, which also implies spontaneous breaking of N = 2 supersymmetry. Yet another manifestation of this breaking is that the new free q + hypermultiplet action, which is obtained after separating s ++ (as in eq. (5.5)) and including it into the background connection of D ++ , does not respect N = 2 supersymmetry. Indeed, it is easy to check that the action of the standard N = 2 SUSY generators on s ++ cannot be compensated by any Λ gauge transformation, so this background is non-supersymmetric (in contrast to v ++ ). Only the whole action is invariant under N = 2 SUSY due to an inhomogeneous transformation law of V ++ ξ . All this means that the free q + action in a given vacuum background merely respects the invariances of the background, i.e. the vacuum stability symmetry. It is the C c symmetry and the (Z,Z)-extended N = 2 SUSY in the case of v ++ alone, whereas it becomes the C c and Poincaré symmetries after adding s ++ . Note that s ++ = 0 also generates the additional contribution, which is proportional to if j ξ jl f l , to the mass term of the q + hypermultiplets, thus breaking the BPS relation |Z| 2 = m 2 . Let us now construct the q + propagator in the modified background. The generalized d'Alambertian 2ξ for a hypermultiplet q + in the new background is defined by
where F p is an analytic superfield of charge p in a representation of the gauge group G c , and the background covariant harmonic derivative squared is
It is straightforward to find
where A is the differential operator 15) and Z ξ ,Z ξ are defined by eq. (5.11) . It is not difficult to check the following important properties of the operator 2ξ :
We are now in a position to construct by analogy with eq. (2.46) a harmonic propagator for the hypermultiplet in a more general background with the spontaneous supersymmetry breaking induced by the FI-term, in the form
Using eq. (5.17), one can check that this Green function satisfies the defining equation
The covariantly-analytic representation for the harmonic superfields in the same background is given byV
When using the same relations as in sect. 2, one can rewrite the modified q + propagator to the covariantly-analytic form as well. Its symmetry properties with respect to an exchange of the arguments become more transparent in the covariantly-analytic representation since the corresponding background harmonic derivatives are flat there by definition. We do not write down the explicit formulas here, since they can be easily obtained along the lines of sect. 2.
Let us now briefly discuss how adding the above FI-term affects the quantum calculations of sect. 4. When using the modified hypermultiplet propagator (5.18) in perturbative calculations of the induced hypermultiplet self-interaction, one should consider a harmonic (one-loop) supergraph with an arbitrary (even) number of the external hypermultiplet legs, whose loop consists of both the hypermultiplet propagators and the V ++ ξ propagators in the alternative order. Since we can ignore all the extra terms with derivatives in the hypermultiplet propagators, it is enough to concentrate on the θ-dependent but otherwise constant factors. The gauge symmetry argument implies that the relevant terms contributing to the Wilsonian low-energy effective action have the structure
to be determined by an even function f . The particular structure of the ξ-dependent terms with respect to the Grassmann coordinates in eqs. (5.6) and (5.7) however implies that no (θ − ) 4 -terms can be formed out of them. In this sense, our induced (Taub-NUT) solution is stable against the spontaneous supersymmetry breaking induced via a FI-term.
Beyond perturbation theory
Since N = 2 supersymmetry severely restricts hypermultiplet self-interactions, it is quite natural to ask about possible generalizations of the induced Taub-NUT metric provided that N = 2 supersymmetry of the effective Lagrangian is maintained. As long as the SU (2) A automorphism symmetry of the N = 2 supersymmetry algebra is not broken, it is clear that the induced Taub-NUT self-interaction (whose hyper-Kähler potential does not depend upon harmonic variables explicitly) is the only non-trivial possibility for a charged N = 2 matter, either perturbatively or non-perturbatively. Hence, we should somehow break the SU(2) A global symmetry in our N = 2 supersymmetric gauge theory under consideration.
The gauging procedure (or the coset construction) is known to be a powerful method for generating new hyper-Kähler metrics (see e.g., ref. [20] ). In the harmonic superspace, the additional resources for generating new hyper-Kähler potentials L (+4) ind. int. are given by (i) gauging isometries of the moduli space of hypermultiplets, and (ii) adding (electric) FI terms. For example, given two hypermultiplets q + A ∈ 2 of SU(2) f , one can gauge a U(1) subgroup of SU(2) f and simultaneously add a FI term as follows [12] :
where V ++ L is an N = 2 gauge potential without a kinetic term (Lagrange multiplier), and the
was introduced in the previous sect. 5. The action S EH of eq. (6.1) has the manifest (Pauli-Gürsey) global SU(2) P G symmetry, which rotates the lower-case Latin indices only. At the same time, the N = 2 SUSY automorphisms SU(2) A are explicitly broken down to an U(1) symmetry due to a presence of the charged 'constant' ξ ++ . Eq. (6.1) can be rewritten after some algebra to the form [12] 
It is clear from eq. (6.2) that q a+ = 0 (the Higgs branch !), just for the action S EH to make sense. Eq. (6.2) takes a particularly simple form in terms of a real ω-hypermultiplet which is dual to the q + -hypermultiplet [3] . After the change of variables, q 
In the form of eq. (6.3), the action S EH has the following SU(2) E symmetry [12] : (2) E . This symmetry is basically the modified form of the SU(2) P G symmetry of the action (6.1). The automorphism SU(2) A group in the ω representation is given by the diagonal SU(2) subgroup in the product of SU(2) P G and the automorphism group in the q representation. This SU(2) A is still broken to its U(1) subgroup in eq. (6.3). Therefore, in any case, the action S EH has the U(2) = SU(2) × U(1) isometry group and, in its component form, it is known to lead to the Eguchi-Hanson four-dimensional instanton target metric for the physical bosonic fields of the hypermultiplet, in the form suggested in ref. [21] . Eq. (6.1) can be easily generalized further, to the case of several hypermultiplets in N f of SU(N) f whose Cartan generators are gauged in a presence of (N f − 1) FI-terms. Then one gets (multi)-Eguchi-Hanson instanton metrics [12] .
In order to address the very interesting question of dynamical generation of the EguchiHanson hyper-Kähler potential in eq. (6.3), we would like to stress first that the SU(2) E symmetry (6.4) is enough to fix the form of the EH-potential completely. Also note that SU(2) E is merely a subgroup of the whole symmetry group of the free ω hypermultiplet action (the latter includes, e.g., the N = 2 superconformal group SU(2, 2|2)). In other words, the EHpotential seems to be the only deformation of the free hypermultiplet action that is consistent with this extra SU(2) global symmetry of the free action provided that the automorphism symmetry SU(2) A is broken to its U(1) subgroup by the charged constant ξ ++ . Accordingly, the dynamical mechanism we are looking for, should accomplish the two things: (i) partially break the full symmetry of the free hypermultiplet action while maintaining N = 2 supersymmetry and SU(2) E = SU(2) A , and (ii) break SU(2) A down to its U(1) subgroup. Both goals can be achieved in a rather natural and consistent way by employing fractionally charged instanton backgrounds known as torons [22] . In the case of the SU(2) gauge group, torons can be defined as the solitonic solutions having topological charge Q = . In the context of the N = 2 supersymmetric gauge theory with the SU(2) gauge symmetry spontaneously broken to its U(1) subgroup, the classical toron solution takes the form of an analytic (a half of supersymmetries is preserved !) gauge superfield V ++ toron (cf. ref. [23] ). It has an extra SU(2) toron global symmetry given by the diagonal subgroup of SU(2) G × SU(2) R , where the SU(2) G is the global part of gauge symmetry and SU(2) R ∼ = SO(3) is the rotational symmetry (i.e. the little group of the Lorentz symmetry). The usual instantons are known to be unable to generate a non-vanishing gluino condensate because of the well-known index theorem. Indeed, one needs at least four fermions in order to saturate a non-vanishing correlator in the instanton background [24] . Unlike the instantons, the torons do generate the non-vanishing gluino condensate [22] ,
where λ i is the fermionic N = 2 superpartner of the gauge field. Another consequence of eq. (6.5) is a non-vanishing expectation value for the auxiliary component D ij in the N = 2 gauge supermultiplet (in WZ gauge), D ij ∼ ξ ij , that spontaneously breaks N = 2 supersymmetry and its automorphisms SU(2) A to an abelian subgroup as well. As is well-known, the non-perturbatively-generated gluino condensate has to be space-time independent due to the supersymmetric Ward identities [24] . It just guarantees the constancy of ξ ij . Within our pedestrian approach in this section, we are unable to prove our conjecture that the SU(2) toron actually coincides with SU(2) P G or SU(2) E that are relevant for the induced Eguchi-Hanson self-interaction. It seems, however, quite plausible to us that the net impact of torons on the induced hypermultiplet self-interaction is just given by (i) a conservation of the extra SU(2) = SU(2) A global symmetry, and (ii) ξ ij ∼ δ ij exp(−2π 2 /g 2 ) = 0. As is well-known in the situation with unbroken N = 2 SUSY, the Higgs branch receives neither scale-nor massdependent corrections [9, 10] . The non-trivial (EH) hypermultiplet induced self-interaction seems to imply that N = 2 SUSY has to be spontaneously broken in our case.
A dynamical mechanism for generating torons themselves may be obtained after an embedding our N = 2 gauge theory into a fundamental 'string' or M theory, or when considering the N = 2 gauge theory as the effective field theory in the world-volume of a proper M-theory brane, see e.g., ref. [25] . As was recently argued by Witten in another paper [26] (see also ref. [27] ), strong IR-effects may generate torons in the effective three-dimensional N = 2 supersymmetric gauge theory to be obtained from M theory compactified on a (Calabi-Yau) four-fold X, by wrapping the M theory five-brane on a six-cycle in X. The solitons to be obtained this way can be identified with torons in the appropriate double scaling limit (α ′ → 0 and M Planck → ∞), where the string effects can be ignored and gravity decouples. By the same token, via an Ftheory compactification on the same X or via a decompactification of M theory from three to four dimensions, one could get four-dimensional torons. It may be worthy to investigate torons in the framework of spontaneously broken 4D, N = 2 supergravity 6 . A combination of the perturbatively generated Taub-NUT-like self-interaction with (presumably) non-perturbatively generated Eguchi-Hanson-type self-interaction could lead to a mixed hyper-Kähler potential (in the mixed branch, for the gauge groups of rank r > 1). The corresponding hyper-Kähler metric is neither of Taub-NUT-type or of Eguchi-Hanson-type, but it reduces to them in particular limits.
Appendix: from HSS to component results
In this Appendix we derive the induced Taub-NUT metric and the induced scalar potential in the presence of central charges from HSS, following the lines of ref. [11] .
The general procedure to get the component form of the bosonic non-linear sigma-model from a hypermultiplet action in HSS consists of the following steps:
• expand the equations of motion in Grassmann variables, and ignore all the fermionic field components,
• solve the kinematical differential equations (on the sphere S 2 ∼ SU(2)/U(1)) for the auxiliary field components, thus eliminating the infinite tower of them in the harmonic expansion of the hypermultiplet HSS superfields,
• substitute the solution into the original hypermultiplet action in HSS, and integrate over all the anticommuting and harmonic coordinates.
In our case, with the HSS hypermultiplet action 
where the analytic harmonic derivative D ++ is
The bosonic terms in the θ-expansion of q + read
In a presence of central charges, some of the kinematical equations of motion in the (x A , u) space get modified (cf. ref. [11] ),
(A. 
